A body-and-hinge framework is a structure consisting of rigid bodies connected by hinges in d-dimensional space. The generic infinitesimal rigidity of a body-and-hinge framework has been characterized in terms of the underlying graph independently by Tay and Whiteley as follows: A graph G can be realized as an infinitesimally rigid body-and-hinge framework by mapping each vertex to a body and each edge to a hinge if and only if``d
INTRODUCTION
To identify flexible/rigid region in a protein is one of the central issues in the field of molecular biology as this could provide insight into its function and a means to predict possible changes of structural flexibility by the environmental factors such as temperature and pH. Several methods were developed for this purpose. One of standard methods is to model the protein as a geometric graph embedded in R 3 by regarding an atom as a vertex and a bond between atoms as an edge with a fixed length. It analyzes the protein's rigidity by using the theory of structural rigidity. Algorithms such as 3D pebble game [14, 17] were developed for this. Computer software like FIRST [5, 15] (Floppy Inclusions and Rigid Substructure Topography) uses this algorithm. Subsequently in order to analyze the dynamic motions of protein molecules, the pebble game algorithm was further embedded on several new methods such as ROCK [18] , FRODA [25] and the Protein Folding Server by Amato [1] . Algorithms used by FIRST and other programs rely their correctness upon the theory of structural rigidity. From a mathematical point of view, however, the correctness proof is incomplete because it relies on the so called "Molecular Conjecture" which has been a long standing open problem over twentyfive years in the field of structural rigidity. In past years, despite the absence of the rigorous proof of the Molecular Conjecture, empirical data have been accumulated that support this conjecture [2, 24, 31] . In this paper we are able to settle the Molecular Conjecture affirmatively in R 3 and in higher dimensions that provides the theoretical validity of the algorithms behind such software as FIRST, FRODA, etc.
Body-and-hinge frameworks. A 3-dimensional body-andhinge framework is the collection of rigid bodies in R 3 connected by hinges, where the bodies are allowed to move continuously in R 3 so that the relative motion of any two bodies connected by a hinge is a rotation around it (see Figure 1 ). The framework is called rigid if every such motion provides a framework isometric to the original one. This mathematical model of physical structures can be naturally extended to d-dimensional case, where a d-dimensional body-and-hinge framework consists of d-dimensional rigid bodies connected by (d − 2)-dimensional affine subspace, i.e. pin-joints in 2-space, line-hinges in 3-space, plane-hinges in 4-space and etc. The formal definitions of body-and-hinge frameworks and the rigidity will be given in the next section. We consider a body-and-hinge framework as a pair (G, p) where G is a graph representing the incidence between bodies and hinges and p is a mapping from e ∈ E to a (d − 2)-dimensional affine subspace p(e) in R d , i.e., v ∈ V corresponds to a body and uv ∈ E corresponds to a hinge p(uv) which joins two bodies associated with u and v. The framework (G, p) is called a body-and-hinge realization of G in R d . We assume that the dimension d is a fixed integer with d ≥ 2 and we shall use the notation D to denote`d
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hroughout the paper. For a graph G = (V, E) and a positive integer k, the graph obtained by replacing each edge by k parallel edges is denoted by kG. In this paper, for our special interest in (D − 1)G, we shall use the simple notation e G to denote (D − 1)G and let e E be the edge set of e G. Tay [22] and Whiteley [28] independently proved that the generic infinitesimal rigidity of body-and-hinge frameworks (defined in Section 2) is determined by the underlying graphs as follows. Observe that each edge of G is contained in at most five spanning trees, which implies that e G(= 5G) contains six edge-disjoint spanning trees. Therefore Tay and Whiteley's Theorem (Proposition 1.1) ensures that G can be realized as an infinitesimally rigid body-and-hinge framework (G, p) in R 3 .
The Molecular Conjecture. A body-and-hinge framework (G, p) is called hinge-coplanar if, for each v ∈ V , all of the (d − 2)-dimensional affine subspaces p(e) for the edges e incident to v are contained in a common (d − 1)-dimensional affine subspace (i.e. a hyperplane). In this case replacing each body by a rigid panel does not change the rigidity of the framework. Thus, if all bodies can be realized as rigid panels, then the framework is said to be a panel-and-hinge framework (see Figure 3 ). Note that "hinge-coplanarity" is a special hinge configuration of a body-and-hinge framework, which may cause a degree of freedom even if the underlying graph satisfies the tree packing condition of Proposition 1.1. In 1984, Tay and Whiteley [23] jointly conjectured that such an extra degree of freedom does not appear. [29] proved affirmatively for the special class of graphs in 1989 and recently Jackson and Jordán [10, 11] gave a complete proof. The idea of their proof is to replace each body of a panel-and-hinge framework by a rigid bar-and-joint framework (called a rigid component) and reduce the problem to that for bar-and-joint frameworks. The definition of a bar-and-joint framework can be found in e.g. [6, 30] . By using well-investigated properties of 2-dimensional bar-and-joint frameworks, they successfully proved the conjecture. However, since the proof relies on the properties of 2-dimensional bar-and-joint frameworks, it seems difficult to extend the proof to 3-or higher dimensional case. Also, Jackson and Jordán [13] showed the sufficient condition of the graph to have a panel-and-hinge realization in higher dimension: G has a panel-and-hinge realization in
This sufficient condition has been proved by replacing each hinge of a body-and-hinge framework by rigid bars connecting the bodies.
In this paper we settled the Molecular Conjecture affirmatively in general dimension. Although the overall strategy of our proof is slightly close to that of [10, 11] for 2-dimension, our proof directly provides a construction of an infinitesimally rigid panel-and-hinge framework, which is a main (and huge) difference from [10, 11] .
Frameworks derived from molecules. In R 3 the rigidity of panel-and-hinge frameworks has a special relation with the flexibility of molecules as mentioned at the beginning. A molecular structure can be modeled as a body-and-hinge framework by representing atoms (vertices) as rigid bod-ies and bonds (edges) as hinges in such a way that all the hinges (lines) incident to each body are intersecting each other at the center of the body (with small adjustments, see e.g. [31, page 122] ). Such a body-and-hinge framework is called hinge-concurrent. Since taking projective dual in R 3 transforms points to planes, lines to lines and planes to points preserving their incidences, a hinge-concurrent bodyand-hinge framework is mapped to a panel-and-hinge framework. Crapo and Whiteley [3] showed that taking the projective dual preserves the rigidity, which implies that G has an infinitesimally rigid panel-and-hinge realization if and only if it has an infinitesimally rigid hinge-concurrent bodyand-hinge realization.
Another framework which models a molecule is a barand-joint framework of the square of a graph (see e.g. [15, 24, 31] ). The square of a graph
For a graph G of minimum degree at least two it is known that a bar-andjoint framework of G 2 is equivalent to a hinge-concurrent body-and-hinge framework of G in terms of the infinitesimal rigidity in R 3 (c.f. [8] ). Combining this previous result with our proof of the Molecular Conjecture, we obtain a combinatorial characterization of the 3-dimensional rigidity of the square of a graph; G 2 can be realized as an infinitesimal rigid bar-and-joint framework in R 3 if and only if 5G contains six edge-disjoint spanning trees. Also Jackson and Jordán [9] rigorously proved that the correctness of the Molecular Conjecture provides a clear combinatorial characterization of the rigid components of a molecular structure.
The Molecular Conjecture implies that not only the degree of freedom but also the rotatable hings, the rigid components and the redundant bonds of a very large molecular structure can be computed combinatorially, deterministically and efficiently by using a well-investigated tree-packing algorithm [17] .
Organization. The paper consists of five sections. In Section 2 we shall provide a formal definition of the infinitesimal rigidity of body-and-hinge frameworks. In Section 3 we will provide several preliminary results concerning edge-disjoint spanning trees. In Section 4 we will investigate the combinatorial properties of (multi)graphs G such that e G contains D edge-disjoint spanning trees. Such graphs are called body-and-hinge rigid graphs and edge-inclusionwise minimal body-and-hinge rigid graphs are called minimally body-andhinge rigid graphs throughout the paper. In particular, in Section 4.3, we will show that any minimally body-and-hinge rigid graph can be reduced to a smaller minimally bodyand-hinge rigid graph by the contraction of a proper rigid subgraph or a so-called splitting off operation (defined in Section 4.3) at a vertex of degree two. This implies that any minimally body-and-hinge rigid graph can be constructed from a smaller minimally body-and-hinge rigid graph by the inversions of these two operations. Finally, in Section 5, we will provide a proof of the Molecular Conjecture by showing that any minimally body-and-hinge rigid graph G has a rigid panel-and-hinge realization. The proof is done by induction on the graph size. More precisely, following the construction of a graph given in Section 4.3, we convert G to a smaller minimally body-and-hinge rigid graph G . From the induction hypothesis there exists a rigid panel-and-hinge realization of G . We will show that we can extend this realization to that of G with a slight modification so that the resulting framework becomes rigid.
Due to the space limitation, we only provide a sketch of the proof in this extended abstract. The complete proof can be found in [16] .
BODY-AND-HINGE FRAMEWORKS
In this section we shall provide a formal definition of bodyand-hinge frameworks. More detailed description can be found in e.g. [13, 3, 26] .
Infinitesimal motions of a rigid body. A body in R d
is a set of points which affinely spans R
d . An infinitesimal motion of a body is an isometric linear transformation of the body, i.e., the distance between any two points in the body is preserved after the transformation. It is known that an infinitesimal motion applied to a body can be described as a combination of D =`d Although the definition of a screw center is the basis of the rigidity of body-and-hinge frameworks, due to the lack of space, we shall omit to describe it, see e.g. [3, 13, 26] . The important fact we need here is that for each infinitesimal motion there is a D-dimensional vector (a screw center) representing this motion and the assignment of an infinitesimal motion to a body is equivalent to that of a screw center.
Body-and-hinge frameworks. For a (d
, we denote by S(A) a screw center representing an infinitesimal rotation around A and let S(A) be the 1-dimensional linear subspace spanned by S(A) in R D . Suppose two bodies B and B are joined to a hinge, which is a (d−2)-dimensional affine subspace A of R d . Let S and S be screw centers representing infinitesimal motions applied to B and B , respectively. Then, the hinge constraint, which imposes a relative motion of B and B to be a rotation about A, can be described by S − S ∈ S(A) .
A d-dimensional body-and-hinge framework (G, p) is a pair of a (multi)graph G = (V, E) and a mapping p which asso-
for every e = uv ∈ E. Namely, S is an assignment of a screw center S(u) to the body of u ∈ V . An infinitesimal motion S is called trivial if S(u) = S(v) for all u, v ∈ V and we say that (G, p) is infinitesimally rigid if all infinitesimal motions of (G, p) are trivial.
Rigidity matrix. Let us introduce a matrix whose null space is the set of infinitesimal motions of (G, p). We have defined that S : V → R D is an infinitesimal motion of (G, p) if and only if S(u) − S(v) ∈ S(p(e)) for all e = uv ∈ E.

Thus, taking any basis {r1(p(e)), r2(p(e)), . . . , rD−1(p(e))}
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Figure 4: The rigidity matrix and the homogeneous system of linear equations expressing the constraints for S to be an infinitesimal motion.
of the orthogonal complement of S(p(e)) , we can say that S is an infinitesimal motion of (G, p) if and only if, for each e = uv ∈ E,
Hence, the constraints for S to be an infinitesimal motion are described by (D − 1)|E| linear equations over 
We call R(G, p) the rigidity matrix of (G, p) (see Figure 4) . We remark that the rank of the null space of R(G, p), or equivalently the dimension of the space of all infinitesimal motions, is uniquely determined by (G, p) although the entries of R(G, p) may vary depending on the choice of a basis of the orthogonal complement of S(p(e)) .
For an infinitesimal motion S, we refer to A body-and-hinge framework (G, p) is called generic if the degree of freedom is minimum or equivalently the rank of R(G, p) is maximum taken over all realizations of G. It is known that (G, p) is generic for almost all hinge configurations p [28] .
EDGE-DISJOINT SPANNING TREES
We use the following notations throughout the paper. Let G = (V, E) be a multigraph which may contain parallel edges but no self-loop. For X ⊆ V , let G[X] be the graph induced by X. For F ⊆ E, let V (F ) be the vertices spanned by F . Throughout the paper, a partition P of V implies a collection {V1, V2, . . . , Vm} of vertex subsets for some positive integer m such that
Note that {V } is a partition of V for m = 1. Let δG(P) and dG(P) denote the set, and the number, of edges of G connecting distinct subsets of P, respectively.
The result of Tay and Whiteley (Proposition 1.1) reveals the strong relation between the rigidity of body-and-hinge frameworks and edge-disjoint spanning trees. The following Tutte-Nash-Williams disjoint tree theorem is well-known. We use the following conventional notation. For a partition P of V , the c-deficiency of P in H is defined by
and the c-deficiency of H is defined by defc(H) = max{defc,H (P) : P is a partition of V }.
Note that defc(H) ≥ 0 since defc,H ({V }) = 0. Proposition 3.1 implies that H has c edge-disjoint spanning trees if and only if defc(H) = 0.
There is the other well-known characterization of an edge set containing c edge-disjoint spanning trees, which is written in terms of a matroid (see e.g. [21] for the definition and fundamental results of a matroid). . A more detailed relation between the deficiency of a graph and the rank of the rigidity matrix can be found in [13] . Let us summarize these preliminary results. 
BODY-AND-HINGE RIGID GRAPHS
In this section we shall further investigate combinatorial properties of body-and-hinge frameworks. Proposition 3.2 says that a multigraph G = (V, E) satisfying defD( e G) = k for some nonnegative integer k can be realized as a generic body-and-hinge framework having k degree of freedom. Inspired by this fact, we simply say that G is a k-dof-graph if defD( e G) = k holds for some nonnegative integer k. In particular, to emphasize the relation between 0-dof-graphs and infinitesimal rigidity given in Proposition 1.1, we sometimes refer to a 0-dof-graph as a body-and-hinge rigid graph.
A graph is called k-edge-connected for some k ≥ 1 if removing any k − 1 edges results in a connected graph. It is not difficult to see the following fact. The q-strong graph was first introduced by Gusfield [7] , where he considered the maximum value of q for G to be q-strong. This value was later called the strength of G by Cunningham [4] . There exist several results of the computation of the strength or a generalization of this concept, see [12] for more details.
Minimally body-and-hinge rigid graphs
A minimal k-dof-graph is a k-dof-graph in which removing any edge results in a graph that is not a k-dof-graph. In particular, a minimal 0-dof-graph is called a minimally bodyand-hinge rigid graph.
Recall that e E denotes the edge set of e G. For e ∈ E, let e e denote the set of corresponding D − 1 parallel copies of e in e E. For F ⊆ E let e F = S e∈F e e. Notice that, for a multigraph G = (V, E), an edge e ∈ E can be removed from G without changing the deficiency of e G if and only if there exists a base B of the matroid MD( e G) (introduced in Section 3) satisfying B ∩ e e = ∅ by Proposition 3.2. This implies that a graph G = (V, E) is a minimal k-dof-graph if and only if B ∩ e e = ∅ for any edge e ∈ E and any base B of MD( e G). From this observation, it is not difficult to see the following fact.
Lemma 4.2. Let G = (V, E) be a minimal k-dof-graph for some nonnegative integer k and let G be a subgraph of G. Suppose G is a k -dof-graph for some nonnegative integer
k . Then G is a minimal k -dof-graph.
Rigid subgraphs
We say that a subgraph G of G is a rigid subgraph if G is a 0-dof-graph, i.e., f G contains D edge-disjoint spanning trees on the vertex set of G . In this subsection we claim the following two lemmas for rigid subgraphs.
Lemma 4.3. Let G = (V, E) be a minimal k-dof-graph for a nonnegative integer k and let G = (V , E ) be a rigid subgraph of G. Then, the graph obtained from G by contracting E is a minimal k-dof-graph.
Notice that, for every circuit X of MD( e G), V (X) induces a 2-edge-connected subgraph by Lemma 4.1. This fact leads to the following property of a multigraph that is not 2-edgeconnected.
Lemma 4.4. Let G = (V, E) be a minimal k-dof-graph whose edge-connectivity is less than two. Let
P = {V1, V2} be a partition of V such that dG(P) ≤ 1. Then, k = k1 + k2 + 1 holds
if dG(P) = 1 and otherwise (i.e. dG(P) = 0) k = k1 + k2+D holds, where k1 = defD( G[V1]) and k2 = defD( G[V2]).
Inductive Operations
In this subsection we shall discuss two simple operations on a minimal k-dof-graph. One operation is the contraction of a proper rigid subgraph; G = (V , E ) is called a proper rigid subgraph if it is a rigid subgraph of G satisfying 1 < |V | < |V |. We have already seen in Lemma 4.3 that the contraction of a rigid subgraph produces a smaller minimal k-dof-graph. Another operation is a so-called splitting off operation [19] , whose definition will be given below. Our goal of this section is to show Lemma 4.10, which actually states that any minimal k-dof-graph can be always converted to a properly smaller minimal k-dof-graph or minimal (k − 1)-dof-graph by the contraction of a proper rigid subgraph or the splitting off at a vertex of degree two. This result will be used to apply an induction in the proof of the Molecular Conjecture. Also as a corollary, we will obtain Theorem 4.11; any minimally body-and-hinge rigid graph can be constructed by a sequence of two simple operations, which must be an interesting result in its own right.
Splitting off operation at a vertex of degree two. For a vertex v of a graph G, let NG(v) be a set of vertices adjacent to v in G. A splitting off at v is an operation which removes v and then inserts new edges between vertices of NG(v).
We shall consider such an operation only at a vertex v of degree two. Let NG(v) = {a, b}. We denote by G Lemma 4.7 claims that the splitting off does not increase the deficiency but may not preserve the minimality of the resulting graph. Before showing it, let us first investigate the relation between independent sets of MD( e G) and those of MD( g G ab v ) in the following lemmas.
Lemma 4.5. Let G = (V, E) be a k-dof-graph which has a vertex v of degree 2 with NG(v) = {a, b} and let G ab v be the graph obtained by splitting off at v along ab. Suppose there exists an independent set I of MD( e G). Then, there exists an independent set
The inverse operation of the splitting off at a vertex of degree two is called an edge-splitting. More formally, the edge-splitting along an edge ab is the operation that removes ab and then inserts a new vertex v with the two new edges va and vb. The resulting graph is denoted by G (ii) otherwise there exists an independent set I of
Combining Lemma 4.5 and Lemma 4.6 it is not difficult to see the following.
is a k-dof-graph if and only if there is a base
Applying Lemma 4.7 to the case of k = 0, we see that, for a minimally body-and-hinge rigid graph G, G ab v is always body-and-hinge rigid. However, as we mentioned, a splitting off may not preserve the minimality of G ab v . For example, for a minimally body-and-hinge rigid graph G shown in Figure 5(a) , consider the graph G obtained from G by attaching a new vertex v via two new edges va and vb. Then, G (shown in Figure 5(a) ) is a minimally body-and-hinge rigid graph. On the other hand, the graph obtained from G by splitting off at v is not minimally body-and-hinge rigid while just removing v (without inserting the new edge ab) from G produces a minimally body-and-hinge rigid graph.
We remark that there is a much more complicated situation in which G ab v is not a minimal k-dof-graph and also the graph obtained by removing v is not a k-dof-graph. Figure 5(b) shows such an example.
Minimal k-dof-graphs having no proper rigid subgraph.
As shown in Figure 5 , a splitting off does not preserve the minimality of a graph in general. However, if we concentrate on a graph which has no proper rigid subgraph, it can be shown that a splitting off preserves the minimality. Let us first show some properties of such graphs in Lemmas 4.8 and 4.9. The following lemma claims the existence of small degree vertices, which follows from Lemma 4.8.
Lemma 4.9. Let G = (V, E) be a 2-edge-connected minimal k-dof-graph which contains no proper rigid subgraph. Then, G has a vertex of degree two. More precisely, either G is a cycle of at most d vertices or it contains a chain
Lemma 4.8 implies that e G has at most D − 2 redundant edges (and in particular no redundant edge if k > 0); an edge of e G is said to be redundant if the removing it from e G does not decrease the rank of the matroid MD( e G) (or equivalently the deficiency of e G). Based on this fact, we obtain a clear property of the splitting off at a vertex of degree two. 
Combining Lemmas 4.3, 4.9 and 4.10, we will have the following theorem. 
INFINITESIMALLY RIGID PANEL AND HINGE REALIZATIONS
We shall use the following conventions and notations to indicate the submatrix of the rigidity matrix R (G, p) . Recall the definition given in Section 2: In R(G, p), consecutive D− 1 rows are associated with an edge e ∈ E and consecutive D columns are associated with a vertex v ∈ V . More precisely, the consecutive D − 1 rows associated with e = uv ∈ E are described by the (D − 1) × D|V | submatrix:
where R(p(e)) was defined in Section 2. We denote by
holds from the definition of R(p(e)).
We index the edges of e e by 1 ≤ i ≤ D − 1, and ei, or (e)i, denotes the i-th element in e e and consider the one-to-one correspondence between ei ∈ e e and the i-th row of RG,p[e], which is denoted by RG,p [ei] .
Similarly Let (G, p) be a body-and-hinge framework in p) holds, i.e., the rank of the rigidity matrix is invariant under the removal of the consecutive D columns associated with v.
Generic Nonparallel Realizations
Before providing a proof of the Molecular Conjecture, we need to mention the generic property of a panel-and-hinge realization for a simple graph introduced by Jackson and Jordán [13] . For a panel-and-hinge realization (G, p), let  ΠG,p(v) denote the panel of v, that is, a (d − 1) -dimensional affine space (or simply (d − 1)-affine space) containing all of the hinges p(e) of the edges e incident to v ∈ V . For a simple graph G (i.e., no parallel edges exist in G), (G, p) is called a nonparallel panel-and-hinge realization if ΠG,p(u) and ΠG,p(v) are not parallel for any distinct u, v ∈ V . As Jackson and Jordán mentioned in [13, Section 7] , each entry of the rigidity matrix R(G, p) of a nonparallel panel-andhinge realization (G, p) can be described in terms of the coefficients appearing in the equations representing ΠG,p(v) for v ∈ V .
We say that (G, p) is generic if the rank of R(G, p) is maximum taken over all nonparallel panel-and-hinge realizations of G. Since each entry of R(G, p) is a polynomial of the coefficients representing the panels of (G, p), each minor of R(G, p) is also a polynomial of these coefficients. Thus, if the set of these coefficients is algebraically independent over Q, then the realization is generic [13] . This implies that almost all panel-and-hinge realizations are generic. It is known that, even though (G, p) has some parallel panels, we can perturb them so that the resulting realization becomes nonparallel without decreasing the rank of the rigidity matrix if G is simple (see [10, Lemma 4.2] or [13, Lemma 7.1]).
A Proof of the Molecular Conjecture
We now start to show our main result. 
Since the proof is quite long, let us first write up a corollary which follows from Theorem 5.2. The following theorem proves the Molecular Conjecture (Conjecture 1.2) in a strong sense combined with Proposition 3.2.
Proof. When a multigraph G with k = def( e G) is not minimal, we can remove some edges from G keeping the deficiency so that the resulting graph becomes a minimal k-dof-graph. Thus, applying Theorem 5.2 to the resulting graph, we will obtain a panel-and-hinge realization having the desired rank k.
A Proof of Theorem 5.2
The proof is done by induction on |V |. We omit the base case and let us consider G with |V | ≥ 3. We shall split the proof into three cases:
• Subsection 5.3.1 deals with the case where G is not 2-edge-connected.
• Subsection 5.3.2 deals with the case where G is 2-edgeconnected and contains a proper rigid subgraph.
• Subsection 5.3.3 deals with the case where G is 2-edgeconnected and does not contain any proper rigid subgraph.
In each case, we will assume the following induction hypothesis:
For 
The case where G is not 2-edge-connected
This case can be handled rather easily but present a basic strategy of the subsequent arguments.
Proof. Let us show the case when G is connected. (The case of disconnected G is much easier and hence is omitted.)
Since G has a cut edge uv, G can be partitioned into two subgraphs G1 = (V1, E1) and G2 = (V2, E2) such that u ∈ V1, v ∈ V2, V1 ∩ V2 = ∅, V1 ∪ V2 = V and δG({V1, V2}) = {uv}. Let k1 and k2 be the deficiencies of f G1 and f G2, respectively. Then, k = k1 +k2 +1 holds by Lemma 4.4 and also Gi is a minimal ki-dof-graph for each i = 1, 2 by Lemma 4.2. By (5.2), we have a (nonparallel, if Gi is simple) paneland-hinge realization (Gi, pi) satisfying rank R(Gi, pi) = D(|Vi| − 1) − ki for each i = 1, 2. Since the choices of p1 and p2 are independent of each other and also since the rank of the rigidity matrix is invariant under the rotation of the whole framework, we can take p1 and p2 such that ΠG 1 ,p 1 (v1) and ΠG 2 ,p 2 (v2) are not parallel for any pair of v1 ∈ V1 and v2 ∈ V2. In particular, ΠG 1 ,p 1 
Define the mapping p as follows: p(e) = p1(e) if e ∈ E1, p(e) = p2(e) if e ∈ E2 and otherwise (if e = uv) p(e) = ΠG 1 ,p 1 (u) ∩ ΠG 2 ,p 2 (v). Then, (G, p) is a (nonparallel, if G is simple) panel-and-hinge realization of G. Let Ri = R(Gi, pi) for i = 1, 2. Then by δG({V1, V2}) = {uv} the rigidity matrix R(G, p) can be described as 
The case where G is 2-edge-connected and contains a proper rigid subgraph
Proof (Sketch). Let G = (V , E ) be a proper rigid subgraph in G. Note that G is a minimal 0-dof-graph by Lemma 4.2 with , p2) by (G , p1) , by regarding (G , p1) as a rigid body in R d and show that the rank of the resulting framework becomes rank R (G , p1) 
Due to the space limitation, we omit the detailed proof.
The case where G is 2-edge-connected and contains no proper rigid subgraph
The remaining case for proving Theorem 5.2 is the one in which G is 2-edge-connected and has no proper rigid subgraph. We shall further split this case into two subcases depending on whether k > 0 or k = 0. The following Lemma 5.5 deals with the case k > 0, which can be handled as an easier case. The case of k = 0 is the most difficult one. Since the proof is rather complicated, we shall present the proof sketch for 3-dimension case in Lemma 5.7.
Let us first show the following two easy observations, which claim that G ab v can be realized as a nonparallel paneland-hinge framework in the inductive step. , q) and (G, p1) will be also considered in the proof of the next lemma, where rough sketches of (G ab v , q) and (G, p1) are depicted in Figures 6 (a) and (b) , respectively.) We should prove the following fact (whose proof is omitted). Although ΠG,p 1 (v) and ΠG,p 1 (a) are parallel in (G, p1) , we can convert (G, p1) to a nonparallel panel-and-hinge realization by slightly rotating ΠG,p 1 (v) without decreasing the rank of the rigidity matrix from the genericity mentioned in Section 5.1.
An important observation provided by the configuration p1 of (5.4) is as follows. From p1(vb) = q(ab), we have R(p1(vb)) = R(q(ab)).
(5.5)
Moreover, from p1(e) = q(e) for every e ∈ Ev, we have
(i.e., the part of the framework (G, p1) which is not related to va, vb, ab is the exactly same as that of (G We shall perform the fundamental column operations on R1 which add the j-th column of R1 [v] The last case is the most difficult one. We only give a proof sketch for 3-dimension case. Recall that p1(vb) was defined to be a (d − 2)-affine subspace L contained Π G ab v ,q (a) and hence r varies depending on the choice of L. Actually the top-left D × D-submatrix of (5.13) may not have a full rank for any choice of L ⊂ Π G ab v ,q (a). Hence we introduce two distinct frameworks (G, p2) and (G, p3) as mentioned at the beginning of the proof and then we will convert the rigidity matrices R(G, p2) and R(G, p3) to analogous forms to (5.13). Finally we can show that at least one of the three top-left D × D submatrices of R (G, p1), R(G, p2) and R(G, p3) achieves a full rank.
The strategy of the proof of Lemma 5.7 can be extended to the general d-dimensional case (including 2-dimension), where we introduce d distinct panel-and-hinge frameworks of G based on a chain of length d shown in Lemma 4.9.
